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Abstract. For a profinite group, we construct a model structure on profinite 
spaces and profinite spectra with a continuous action. This yields descent 
spectral sequences for the homotopy groups of homotopy fixed point space 
and for stable homotopy groups of homotopy orbit spaces. Our main example 
is the Galois action on profinite etale topological types of varieties over a field. 
One motivation is to understand Grothendieck's section conjecture in terms of 
homotopy fixed points. 



1. Introduction 

Let S be the category of profinite spaces, i.e simplicial objects in the category of 
profinite sets. Examples of profinite spaces arise in algebraic geometry. For a locally 
noetherian scheme X, we denote by Et X the profinitely completed etale topological 
type of X of Friedlander, see fVD and [30^. It is a profinite space that collects the 
information of the etale topology on the scheme. Now let A: be a separable closure of 
k and Gk its Galois group over k. Let X be a variety over k and let X ^ X be 
the base change of X to k. Since Gk acts on X and since Et is a functor, there is an 
induced Gfe-action on EtX. This Galois action is of course an important property 
of the etale topological type of X. Furthermore, there is a natural sequence in S 

(1) EtX — >'EtX — >Etk. 

As Et /c ~ BGk , this inspires to think of Et X as the homotopy orbit of Et X under 
its Gfc-action. In fact, this would generalize a theorem of Cox' on real algebraic 
varieties in (5j that there is a weak equivalence of pro-spaces EtX ~ X{C) Xq EG 
for G 



The main purpose of this paper is to provide a rigid framework for the Galois action 
on etale topological types via model categories in which a generalization of Cox' 
result and its applications can be proven. In particular, we are going to construct 
homotopy fixed points of etale topological types of varieties over arbitrary base 
fields. 

So let us describe the general setup and thereby outline the content of the paper. 
Let G be an arbitrary profinite group and let Sg be the category of profinite spaces 
with G acting continuously in each level and equivariant face and degeneracy maps. 
Various model structures on S have been constructed, see [53] and [3D]. We con- 
struct a left proper fibrantly generated model structure on So such that the weak 
equivalences (cofibrations) in Sg are exactly the maps that are weak equivalences 
(resp. cofibrations) in S. The construction is inspired by the one of Goerss in [12] 
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for profinite groups acting on simplicial discrete sets. The subtle point is that the 
mapping space functor hom_j(G, — ) : iS — s- Sg is not the natural right adjoint of the 
forgetful functor S Sq since the sets liom^{X,Y) do not have to be profinite 
for general X and Y in iS. This problem can be circumvented by an intermediate 
model structure and a localization argument. 

Let EG denote the universal profinite covering space of the classifying space BG. 
A convenient point of profinite spaces is that EG and BG are objects of S. Hence 
the homotopy fixed points of a profinite G-space X can be defined as the sim- 
plicial mapping space X'^^ = homdEG , RX) of continuous G-equivariant maps, 
where RX denotes a functorial fibrant replacement in Sg . Then we construct a de- 
scent spectral sequence for homotopy groups of homotopy fixed points of connected 
pointed profinite G-spaces 

E'/ = H%G;TTtX) ^ TTt.siX^'')- 

The i?2-term of this spectral sequence is continuous cohomology of the profinite 

groups TTtX^ where ttiX might be a nonabelian profinite group. 

For the homotopy orbit space X^g — X Xg EG, we construct a spectral sequence 

computing the homology H^,{XhG \ M) for any profinite abelian group M . Both for 

homotopy fixed points and homotopy orbit spaces, the construction of the spectral 

sequence follows naturally from the work of Bousfield-Kan [3] . 

There is also a stable homotopy category ST-Lg for G-spaces using profinite G- 

spectra. The well known machinery yields a homotopy orbit spectral sequence for 

stable profinite homotopy groups. This generalizes the notion of pro-/-spectra of 

Davis [6]. 

In [32], we study homotopy fixed points of profinite spectra with a continuous G- 
action in more detail. The main application is to provide a natural setting for 
the continuous action of the extended Morava stabilizer group G„ on Lubin-Tate 
spectra En- Since Gn acts continuously on the profinite homotopy groups TTkEn, 
it seems natural to study the spectra En as profinite spectra. The construction 
of a descent spectral sequence of [8] for the homotopy fixed point spectra i?^*^", 
respectively E^'^ for any closed subgroup of G„, then follows easily in the category 
of profinite spectra. These methods provide, in particular, a new construction for 
homotopy fixed points under open subgroups of G„. 

In the last section we return to the situation of a Galois group Gk acting on the 
variety X. We will prove the following generalization of Cox's theorem mentioned 
above. 

Theorem 1.1. Let k be a field with absolute Galois group Gk and let X be a 

geometrically connected variety over k. Then the canonical map 

(limEtXi) Xg, EGk -^EtX 

is a weak equivalence of profinite spaces, where the limit is taken over all finite 
Galois extensions L/k in k and Xl denotes X ®k L. 

We would like to prove the theorem directly for Et X but it is not clear that Et X 
is an object of the category of profinite G^-spaces defined above. But the canonical 
map Gfc-equivariant map Et X — > lim/, Et X^ is a weak equivalence of profinite 
spaces and the latter space has all the properties we need. Nevertheless, for a 
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variety over a field, the theorem provides the foUowing intuition with a precise 
meaning: The two perspectives of viewing the etale topological type of X as a 
profinite space Et X over Et /c ~ BGk or as a profinite space Et X together with 
its induced Gfe-action are essentially equivalent. 

By Theorem 1 the homotopy orbit spectral sequence above may be written as a 
Galois-descent spectral sequence for stable profinite etale homotopy groups of X: 

El^ = Hj,{Gk-.^f \X)) => TrXiX). 

Moreover, we will show that the stable etale realization functor can be viewed as a 
functor from motivic spectra to ST-Lck ■ Finally, we show that a refined version of 
etale cobordism of [29] satisfies Galois descent in the sense that for any variety X 
over k there is a spectral sequence 

e;^'' = W{Gk;MUl{X)) ^ MUl+\X). 

An ^-adic version of etale (co)bordism has been used in [31] in order to study 
the integral cycle map from algebraic cycles to etale homology for schemes over 
an algebraically closed base field. The descent spectral sequence above should be 
useful for a future application of the techniques of [31j for varieties over a finite 
field. 

But the main motivation for studying homotopy fixed points under the Galois action 
is Grothendieck's section conjecture. In fact, the conjecture can be formulated as 
an isomorphism on fc-rational points X{k) and Gfc-homotopy fixed points of EtX. 
Namely, as the curves involved in the conjecture are K{t:, l)-varieties, we get an 
isomorphism for continuous cohomology 

(2) H\Gk;^iX) ^ MB^iXf'^'' = M'^^Xf''' ■ 

So one could read the section conjecture as the conjecture that the canonical map 
from X{k) to the homotopy fixed point sets on the right hand side of ([2]) is bijective. 
This point of view might be of interest, as analogues of the section conjecture over 
the reals, first proven by Mochizuki in j24l . could be proved by Pal using homotopy 
fixed points results 27 . Over M, Cox' theorem is a crucial point in the proof of the 
section conjecture. It is likely, that its generalization. Theorem 11.11 above, should 
be useful for an extension of the methods over M to fields finitely generated over Q 
or Qp. 

The key new progress of this paper for this direction is that, since B-kiX and 
Et X are naturally profinite spaces, the machinery described above provides a good 
notion of homotopy fixed points of these spaces which refiects the fact that the left 
hand side of ([2]) is continuous cohomology with profinite coefficients. This opens a 
new homotopy theoretical tool kit to analyze the section conjecture. 
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Davis, Johannes Schmidt and Mike Hopkins for helpful comments. I am especially 
grateful to the Institute for Advanced Study for its support and hospitality and its 
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2. HOMOTOPY THEORY OF PROFINITE G-SPACES 

2.1. Profinite spaces. First, we recall some basic notions for profinite spaces and 
their homotopy category from [25] and [30]. For a category C with small limits, the 
pro-category of C, denoted pro-C, has as objects all cofiltering diagrams X : I ^ C. 
Its sets of morphisms are defined as 

Hompro-c(-'^i ^) '■= lim colim Home , ) . 

JSJ iG/ 

A constant pro-object is indexed by the category with one object and one identity 
map. The functor sending an object X of C to the constant pro-object with value 
X makes C a full subcategory of pro-C. The right adjoint of this embedding is the 
limit functor lim: pro-C — C, which sends a pro-object X to the limit in C of the 
diagram corresponding to X . 

Let £ denote the category of sets and let J" be the fuU subcategory of finite sets. Let 
£ be the category of compact Hausdorff totally disconnected topological spaces. We 
may identify J- with a full subcategory of £ in the obvious way. The limit functor 
lim: pro- J-" — f is an equivalence of categories. 

We denote by S (resp. S) the category of simplicial profinite sets (resp. simplicial 
sets). The objects of S (resp. S) will be called profinite spaces (resp. spaces). The 
forgetful functor £ ^ £ admits a left adjoint (•):£—>£. It induces a functor 
(•) : iS — > iS, which is called profinite completion. It is left adjoint to the forgetful 
functor I • I : 5 — !■ iS which sends a profinite space to its underlying simplicial set. 
For a profinite space X we define the set Tl{X) of simplicial open equivalence rela- 
tions on X. An element R of Ti-{X) is a simplicial profinite subset of the product 
X X X such that, in each degree n, i?„ is an equivalence relation on X„ and an open 
subset of Xn X Xn. It is ordered by inclusion. For every element R of TZ{X), the 
quotient X/R is a simplicial finite set and the map X — > X/R is a map of profinite 
spaces. The canonical map X — > lim^gT^^x) X/R is an isomorphism in S, cf. |25) . 
Lemme 1. 

Let A" be a profinite space. The continuous cohomology H*{X;tt) of X with co- 
efficients in the topological abelian group tt is defined as the cohomology of the 
complex C*{X;tt) of continuous cochains of X with values in tt, i.e. C'^{X;tt) 
denotes the set Homg(A„,7r) of continuous maps a : A„ — > tt and the differen- 
tials (5" : C"(A;7r) C^'^^ {X ; tt) are the morphisms associating to a the map 
Yl^^o ° j where di denotes the zth face map of X, see [36] and [25]. If tt is a 
finite abelian group and Z a simplicial set, then the cohomologies H*{Z,tt) and 
H*{Z, tt) are canonically isomorphic. 

If TT is an arbitrary profinite group, we may still define the first cohomology of X 
with coefficients in tt as done by Morel in [25;, p. 355. The functor 

X i-> Homg(Ao, tt) 

is represented in 5 by a profinite space E-k. We define the 1-cocycles Z'^{X;tt) to 
be the set of continuous maps / : Ai -> tt such that f{dox)f{d2x) — f{dix) for 
every x e Ai. The functor A ^ Z^{X; tt) is represented by a profinite space Btt. 
Explicit constructions of Ett and Btt may be given in the standard way as in S. 
Furthermore, there is a map S : Hom^(A, Ett) — > Z^{X; tt) = IIom^(X, Btt) which 
sends / : Ag — > tt to the 1-cocycle x >-> Sf{x) = f{dox)f{dix)^^. We denote by 



CONTINUOUS GROUP ACTIONS ON PROFINITE SPACES 



5 



B^{X; tt) the image of S in Z^{X; tt) and we define the pointed set H^{X, tt) to be 
the quotient {X ; tt) / {X ; tt) . Finally, if X is a proflnite space, we define ttqX 
to be the coequalizer in £ of the diagram do, di : Xi z4 -'^o- 

The profinite fundamental group of X is defined via covering spaces. There is a 
universal profinite covering space {X, x) of X at a vertex x G Xq. Then tti{X, x) 
is defined to be the group of automorphisms of {X, x) over {X, x). It has a natural 
structure of a profinite group as the limit of the finite automorphism groups of 
the finite Galois coverings of {X,x). For any details, we refer the reader to [30] , 
Its relation to the usual fundamental group of a simplicial set is described by the 
following result. 

Proposition 2.1. For a pointed simplicial set X, the canonical map from the 
profinite group completion of tti{X) to tti{X) is an isomorphism, i.e. 

TTl(X) ^ TTliX) 

as profinite groups. 

Now we are able to define the weak equivalences in S. 
Definition 2.2. A morphism f : X in S is called 

1) a weak equivalence if the induced map /, : ttq{X) t^o^X) is an isomorphism 
of profinite sets, /, : tti{X,x) tti{Y, f(x)) is an isomorphism of profinite groups 
for every vertex x G Xq and f* : H'^{Y,A4) — > H''{X, f*A4) is an isomorphism for 
every local coefficient system A4 of finite abelian groups on Y for every q > 0; 

2) a cofibration if f is a level-wise monomorphism; 

3) a fibration if it has the right lifting property with respect to every cofibration that 
is also a weak equivalence, called trivial cofibrations. 

This class of weak equivalences fits into a simplicial fibrantly generated left proper 
model structure on S. For every natural number n > we choose a finite set with 
n elements, e.g. the set {0, 1, . . . , n — 1}, as a representative of the isomorphism 
class of sets with n elements. We denote the set of these representatives by T. 
Moreover, for every isomorphism class of finite groups, we choose a representative 
with underlying set {0, 1, . . . , n — 1}. Hence for each n we have chosen as many 
groups as there are relations on the set {0,1, ... ,n — I}. This ensures that the 
collection of these representatives forms a set which we denote by G- 
Let P and Q be the following two sets of morphisms: 

P consisting of £T BT, BT *, L{M, n) K{M, n + 1), 
K{M,n) -)■ *, A'(5,0) ^ * 

for every finite set S £ T, every finite group T £ Q, 
every finite abelian group M £ Q and every n > 0; 
Q consisting of ET *, L{M, n) — * for every finite group T £ Q, 
every finite abelian group M £ Q and every n > 0. 

The following theorem has been proved in |30j . 

Theorem 2.3. The above defined classes of weak equivalences, cofibrations and 
fibrations provide S with the structure of a fibrantly generated left proper model 
category with P the set of generating fibrations and Q the set of generating trivial 
fibrations. We denote the homotopy category by H. 
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We consider the category S of simplicial sets with the model structure of [33] and 
denote its homotopy category by T-l. For the proof of the following proposition, we 
refer again to [50] , 

Proposition 2.4. 1. The level-wise completion functor (•) : 5 — ^ 5 preserves weak 
equivalences and cofibrations. 

2. The forgetful functor \ ■ \ : S ~^ S preserves fibrations and weak equivalences 
between fihrant objects. 

3. The induced completion functor (■) : H — > H and the right derived functor 
R\ - \ :% ^ % form a pair of adjoint functors. 

Definition 2.5. Let X be a pointed profinite space and let RX be a fibrant replace- 
ment of X in the above model structure on 5* . Then we define the nth profinite 
homotopy group of X for n > 2 to be the profinite group 

ttJX) :=7ro(f7"(i?X)). 

One should note, that to be a fibration in iS is a stronger condition than in S. The 
profinite structure of the 7r„X, would not be obtained by taking homotopy groups 
for \X\eS. 

Remark 2.6. Morel [25j proved that there is a model structure on S for each 
prime number p in which the weak equivalences are maps that induce isomorphisms 
on Z/p-cohomology. The fibrant replacement functor Rp yields a rigid version of 
Bousfield-Kan Z/p-completion. The homotopy groups for this structure are pro-p- 
groups being defined in the same way as above using Rp instead of R. 

2.2. Profinite G-spaces. Let G be a fixed profinite group. Let X be a profinite set 
on which G acts continuously, i.e. G acts on X and the action map fi : G x X ^ X 
is continuous. In this situation we say that X is a profinite G-set. 
If X is a profinite space and G acts continuously on each Xn such that the action is 
compatible with the structure maps, then we call X a profinite G-space. We denote 
by Sg the category of profinite G-spaces with level-wise continuous G-equivariant 
morphisms. For an open and hence closed normal subgroup U of G, let Xjj be the 
quotient space under the action by U, i.e. the quotient X/ with x y in X if 
both are in the same orbit under U . The following lemma is the analogue of the 
characterization of discrete spaces with a profinite group action. 

Lemma 2.7. Let G be a profinite group and X a profinite space. Then X is a profi- 
nite G-space if and only if the canonical map 4> : X lim^/ Xjj is an isomorphism, 
where U runs through the open normal subgroups of G. 

Remark 2.8. Let us quickly recall the construction of colimits in S and Sq- If 

{Xi\i!^i is a diagram of profinite spaces, one can construct its colimit in S as follows. 
Let X be the colimit of the underlying diagram of spaces, i.e. X :— colim^ \Xi\, 
and let ipi : Xi X be the canonical maps in S. We define a set TZ of equivalence 
relations on X, which are simplicial subsets of X x X, to be the set of simplicial 
equivalence relations R on X such that 

- Xn/ Rn is finite in each degree n, i.e. X/ R is a simplicial finite set, 

- (p~ {R) is open in each Xi x Xi for all z, i.e. Lp~ {Rn) is an open subset in each 
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Then TZ is filtered from below and we define the colimit of the diagram in S to 
be the completion of X with respect to TZ, i.e. X := limj^gT^X/i? in S. It is 
equipped with a canonical map X X which sends each x & X to the sequence 
of its equivalence classes [x\b. G X/R. The image of l is dense in X. There are 
canonical maps (pi : Xi X X \\i S that provide X with the universal property 
of a colimit in S. 

If {Xi}i!zi is a diagram of profinite G-spaces, then we modify TZ to TZq by the 
additional condition that every R £ TZq is in addition a G-invariant subspace of 
X X X. Then we define the colimit of the diagram to be the completion of the 
underlying colimit with respect to TZg- 

For X and Y in 5, the simplicial mapping space hom(X, Y) is defined in degree n 
as the set of continuous maps Hom^(X x A[n],F). If G is a finite discrete group, 
considered as a constant simplicial profinite set, hom(G, y) has a natural profinite 
structure induced by the profinite structure on Y. In order to show that Sg is a 
model category, we would like to use a right adjoint functor to the forgetful functor 
Sg S. But the problem is, that if G is an arbitrary profinite group, the natural 
candidate for the right adjoint hom(G, Y) does not have to be a profinite space. 
This forces us to consider an intermediate structure as in (12J. 
Let U be an open normal subgroup of G and let Fg/u ■ Sg S, denote the 
composition of the functor Sg ^ Sq/u: X \^ Xu, followed by the forgetful functor. 
We denote by hom(G/C/, -) the functor S ^ Sg, Y ^ hom{G/U, Y). 

Lemma 2.9. For each open normal subgroup U of G, the functor hom(G/C/, — ) is 
right adjoint to Fq/u- 

Proof. A G-equivariant map X — > hom{G/U,Y) factors through Xjj, since U acts 
trivially on hom(G/f7, Y). □ 

Definition 2.10. A map f : X ^ Y in Sg is called a strict weak equivalence 
(resp. strict cofibrationj if fu : Xjj — !• Yj/ is a weak equivalence (resp. cofibration) 
in S for every open normal subgroup U of G. It is called a strict fibration if it has 
the right lifting property with respect to strict trivial cofihrations. 

Lemma 2.11. Let i : A ^ B be a map in Sg- Then i is a strict cofibration in Sg 
if and only if i has the left lifting property with respect to the maps hom(G/J7, q) 
for every map q of Q and open normal subgroups U of G. 

Proof. This follows from the adjointness of Lemma l2.9l and Theorem 2.12 of [30]. □ 

The same proof shows the analogue statement for strict trivial cofibrations. 

Lemma 2.12. Let i : A ^ B be a map in Sg- Then i is a strict trivial cofibration in 
Sg if and only if i has the left lifting property with respect to the maps hom(G/C/, p) 
for every map p of P and open normal subgroups U of G. 

We refer the reader for the following notions of cosmallness and the cosmall object 
argument, which is the dual of the small object argument, to [16] and [4j. Fur- 
thermore, we write hom(G/J7, P) (respectively hom(G/C/, Q)) for the set of maps 
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honi(G/[/,p) (respectively hom{G/U,q)) in So such that p lies in P (respectively 
q lies in Q). 

Lemma 2.13. The sets hom{G/U, P) and honi(G/C/, Q) permit the cosmall object 
argument. 

Proof. We have to show that the codomains of the set hom(G/[/, P) (respectively 
honi(G/t7, Q)) are cosmall relative to hoin(G/f7, P) (respectively honi(G/C/, Q)). 
The only non-trivial spaces among those are hom(G/C/, BY) and hom(G/J7, K{M, n)), 
for n > 1. Since G/U is a constant simplicial profinite set, a map G/U — > Y in 
S is completely determined by its 0-component G/U — > Yq in £. Moreover, a 
map A[n] — ;> y corresponds uniquely to an n-simplex of Y. Since the spaces 
BY and K{AI,n), for n > 1, have only one 0-simplex, hom^G/U, BY) (resp. 
hom{G/U, K{M,n))) is isomorphic to BY (resp. K{M,n)). So the cosmallness 
follows as in the proof of Theorem 2.12 of [30]. □ 

Lemma 2.14. Every map f : X ^ Y in Sq can be factored into 

X ^ Z ^Y 

where j is a .strict cofibration and q is a .strict trivial fibration. 

Proof. We construct Z using the cosmall object argument. Let A be a regular 
cardinal such that every codomain of hom(G/C/, Q) is A-cosmall relative to relative 
hom(G/C/, (5)-cocell complexes, where the hom{G/U, Q)-coce\l complexes are maps 
that are transfinite compositions of pullbacks of elements of hom(G/[/, Q). We set 
Zq =Y and define Z^+i for inductively for /3 < A as the pullback of the diagram 

Zf3+i YldeD hom(G/[/rf, Rd) 

hom{G/Ud,qd) 

Z0 YldeD hom(G/[/rf, Sd) 

where hom{G/Ud, qd) ■ hom{G/Ud, Rd) — > hom{G/Ud, Sd) is a map in hom(G/C/, Q) 
and D denotes the set of all diagrams 

X ^ hom(G/t/, R) 

hom(G/U,q) 

Zp ^hom{G/U,S). 

This yields a factorization X Z — ^ Y such that j has the left lifting property 
with respect to hom(G/[/, Q) and is a strict cofibration and q has the right lifting 
property with respect to all strict cofibrations by Lemma [2.111 By [35^ II §2, this 
implies that it is a simplicial homotopy equivalence, hence also a weak equivalence 
and a strict fibration. □ 

Lemma 2.15. Every map f : X ^ Y in Sa can be factored into 

X ^ Z ^Y 

where i is a strict trivial cofibration and p is a .strict fibration. 
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Proof. This follows from the cosmall object argument using Lemma [2. 121 □ 

We denote by hom(G'/C/, P)-proj the maps having the left lifting property with 
respect to all maps in hom{G/U, P); and by hom(G/C/, P)-fib the maps having the 
right lifting property with respect to all maps in hom(G'/t/, P)-proj. 

Lemma 2.16. The strict fihrations in Sg are exactly the maps hom[G/U, P)-fib 
for all open normal subgroups U of G. 

Proof. By Lemma r2.15[ any map f : X can be factored as X Z — ^ Y such 
that z is a strict trivial cofibration and p is a relative hom(G/C/, P)-cocell complex. 
If / is a strict fibration, then / is a retract oip and is hence in hom(G/?7, P)-fib. □ 

Lemma 2.17. A map i : A B in Sg is a strict cofibration if and only if it is a 
level-wise injection. 

Proof. The map ? is a strict fibration if all i/U are injective. Hence their limit 
is level-wise injective. Conversely, if i is an injective G-equivariant map, then all 
quotient maps i/U are obviously injective. □ 

We define two sets of maps P consisting of all maps hom{G/U,p) for every p £ P 
and every open normal subgroup U ^ G and Q consisting of all maps hom(G/C/, q) 
for every q ^ Q and every open normal subgroup U ^ G. The next result now 
follows immediately from the previous arguments. 

Theorem 2.18. The strict weak equivalences, strict cofibrations and strict fihra- 
tions give Sg the structure of a fibrantly generated left proper simplicial model 
category with P the set of generating fibrations and Q the set of generating trivial 
fibrations. 

Finally we enlarge the class of weak equivalences. We say that a morphism in Sg 
is 

• a weak equivalence if it is a weak equivalence in S; 

• a cofibration if it is a level-wise monomorphism; 

• a fibration if it has the right lifting property with respect to all trivial 
cofibrations. 

By Proposition 2.23 of |30j . the limit functor in S is homotopy invariant and hence 
every strict weak equivalence is a weak equivalence in the above sense. 

Theorem 2.19. These classes of maps define the structure of a left proper fibrantly 
generated simplicial model category on the category of profinite G-spaces. We denote 
its homotopy category by T-Lg- The underlying map of a fibration in Sg is also a 
fibration in S (and in S). 

Proof. This new model structure is obtained as the left Bousfield localization of the 
previous strict structure. From every isomorphism class of objects in Sg which are 
fibrant in S, we choose a representative. We let K be the set of these representing 
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objects in Sg- Then the if-local equivalences are exactly the maps in Sg that are 
weak equivalences in S. The result now follows from Theorem 6 of |29 , which is a 
modification of the localization theorems of J6] . The last statement follows directly 
from Proposition [mi □ 

Definition 2.20. Let X be a profinite G-space and M a profinite G-module. We 
define the G-equivariant cohomology of X with coefficients in M to be 

i/S(X, A/) Rom^^iX, K{M,n)). 

Remark 2.21. Let p be any prime number. The method to prove Theorem 12.191 
also applies to Morel's Z/p-model structure on S of [25] and the action of a profinite 
group G. The set of generating fibrations for this model structure is the set of 
canonical maps L{Z/p, n) KiJ^/p, n + 1), KiX/p, n) — s> * for all n > 0; the set of 
generating trivial fibrations is the set of maps L{'E/p,n) — )• * for every n > 0, see 

m- 

2.3. Homotopy fixed points and homotopy orbits. We define the homotopy 
fixed points as usually as the function space of maps coming from EG. 

Definition 2.22. Let G be a profinite group, let X be a profinite G-space and let 
X i-^ RX be a fixed functorial fibrant replacement in Sc ■ We define the profinite 
homotopy fixed point space of X to be the space of G-invariant maps from EG to 
RX: 

X'^^ ■= Ylouyg[EG,RX). 

Let S/BG denote the category of profinite spaces equipped with a map to BG with 
the model structure induced by the one on S via the forgetful functor. There is a 
functor Sg — > S/BG sending X to the Borel construction Xhc EGxqX BG, 
which we call the homotopy orbit space of X. On the other hand, there is the 
functor S/BG — Sg sending Y BG to the G-principal fibration EG Xbg Y. 
Since the map EG x bg XhG — EG x X ^ X \s a, G-equivariant weak equivalence 
and EG Xg {EG x bg Y) Y is a. weak equivalence of profinite spaces over BG, 
they induce a pair of adjoint functors between the homotopy categories. For a 
profinite G-module, we denote by K'~^{M,n) the profinite space EG Xg K{M,n). 

Proposition 2.23. Let M be a profinite G-module. Then the homotopy groups of 
the simplicial set K[M,n)^'~^ satisfy are equal to the continuous cohomology of G, 
i.e. for Q < k < n we have 

T:kK{M,nf^ = H"-''{G; M). 

Proof. By definition of the cohomology i?"^'^(G;M) via homogeneous continuous 
cochains, there is an isomorphism 7rohomG(i?G, K{M, n)) = H^{G; M). The above 
adjointness induces an isomorphism ttq hom^ ^ ^(^{BG, K'~^{M,n)) = H^{G; M). 
Now, applying the functor hom^y^^, (i?G, — ) to the homotopy fibre square 

K'^ (M, n) ^ BG 



BG 
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shows that homg^^QiBG, K'~^{M,n)) is homotopy equivalent to the loop space 
nhom^/gQ{BG,K^{M,ji+l)). Rence -Kkhom^^g^iBG, K'^ {M,n)) = iJ"-'=(G;M) 

□ 

One should note that, as indicated in the formulation of the proposition, there is 
a little subtlety about homotopy fixed points for profinite spaces. For an arbitrary 
profinite group G and a fibrant profinite space X, X'^'~^ = 'homG{EG, X) is in gen- 
eral not a profinite space. Since the map EG — > * is a trivial fibration between 
cofibrant objects, the induced map X^^ := homG(*,X) — s> X^'^ is simplicial ho- 
motopy equivalence in S. The space X''*^ does have a natural profinite structure, 
but the homotopy groups of hom(3(*, X) and homG(£^G', X) as simplicial sets are in 
general not profinite groups. In order to get a profinite homotopy type of X'''^ , one 
has to take again a fibrant replacement RX'^'^ of it in S. The fundamental group 
of RX^'^ is then isomorphic to the profinite completion of ttiX''*^ by Proposition 
12.11 Nevertheless, X'^'^ is a useful object for studying actions of profinite groups. 
The situation is different for finitely generated profinite groups, for example in the 
case of a p-adic analytic profinite group G. So for a moment we suppose that G 
is a p-adic analytic group and that M is a profinite Zp[[G']]-module, being the in- 
verse limit M = limct of finite G- modules Mq. Let X = K{M, n) be a fibrant 
Eilenberg MacLane space in S. By Proposition I2.23| we have 7rfci4r(M, n)''*^ = 
H'"'^^{G] M). Moreover, since G is p-adic analytic, it has an open normal subgroup 
which is a Poincare pro-p-group. This implies that H^{G; Ma) is finite for each 
a and that H'\G\M) = lim„ 7J"(G; M„). This shows that in this case X^^ has 
itself a natural profinite structure and is fibrant in S. 

Back to an arbitrary profinite group G, the fixed point functor (— is right adjoint 
to the functor from S Sq sending X to itself as a trivial G-space. This functor 
clearly preserves weak equivalences and cofibrations, hence (— preserves weak 
equivalences between fibrant objects. Hence taking profinite homotopy fixed points 
RX^'^ defines a functor T-Lg — > Ti. and may be viewed as the total right derived 
functor of (— )'^. 

Moreover, a profinite G-space X £ Sq may be considered as a functor from G as 
a groupoid to S. From this point of view, \vov[\g{*,X) — X'^ is the limit of this 
functor in S. Moreover, for X G Sq fibrant, we can consider \iotiig{EG , X) as the 
homotopy limit in S. One should note, that in |30[ a profinite homotopy limit with 
values in S has been considered. But Proposition I2.23b nd the following theorem 
show that, in the present case, \vov[\g{EG , X) e 5 is the object that we need here. 

Theorem 2.24. Let G he a profinite group and let X he a pointed profinite G- 
space. Assume either that G has finite cohomological dimension or that X has only 
finitely many nonzero homotopy groups. Then there is a strongly convergent descent 
spectral sequence for the homotopy groups of the homotopy fixed point space starting 
from continuous cohomology with profinite coefficients: 

El^' =W{G-iit{X))^^t_,{X^''). 

Proof. This is a version of the homotopy limit spectral sequence of Bousfield and 
Kan for profinite spaces. We consider the category cS of cosimplicial profinite 
spaces equipped with the model structure of [3] X, §4. As remarked in [3] XI, 5.7, 
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there is a cosimplicial replacement functor 11* X G cS for a diagram of profinite 
spaces since there exist products in S. It is given in codimension n by IV^X ~ 
homG{G" , X) G iS. li X is fibrant in Sq, its cosimplicial resolution is a fibrant 
object in cS. Now define the total profinite space of a cosimplicial profinite space 
Y to be 

Totr limTotsr 

s 

where Tot^y hom(A['*l , F), A[s] is the s-skeleton of the cosimplicial standard 
simplex and hom denotes the profinite continuous function space. Then there is 
a spectral sequence of the cosimplicial replacement of X which is the spectral se- 
quence associated to the tower of fibrations that arises from the total profinite 
space of the cosimplicial replacement of X. We have to check that the i?2-term is 
continuous cohomology of G. 

By an analogue of [S, X, 7.2, there are natural isomorphisms £"2'* = T^^T^ti^* X) 
for t > s > 0, where tt^ denotes the cohomotopy of the cosimplicial profinite group 
7rt(n*X). Since H"X is fibrant, there are natural isomorphisms TTtIl*X = Il*TrtX 
by [3] XI, 5.7. This implies that the above cohomotopy are cohomology groups 
of the complex C*{G;TTtX) given in degree s by the set of continuous maps from 
— > TTtX. If TTiX is not abelian, this also holds for s = 0, 1, where i?^(G'; ttiX) 
is still a pointed set. Hence we have identified the i?2-term with the continuous 
cohomology groups of the statement. 

It follows from the definition of Il*X that the total space of this cosimplicial object is 
equal to homG{EG, X), i.e. the abutment of the spectral sequence is tti-sX^'^ . Fi- 
nally, the assumptions imply lim^ Ep*' vanishes and the spectral sequence is strongly 
convergent. □ 

We recall from [30] that the homology H^,{X) := _ff*(X;Z) of a profinite space X 
is defined to be the homology of the complex C*(X) consisting in degree n of the 
profinite groups Cn{X) :— Fab(^n), the free abelian profinite group on the profinite 
set Xn- The differentials d are the alternating sums ^^"=0 '^^ ^^'^^ maps di of 

X. If M is a profinite abelian group, then H^{X; M) is defined to be the homology 
of the complex C*(X;M) := C*(X)(g)M, where ® denotes the completed tensor 
product, see e.g. [S^ §5.5. 

For X € Sq, the homotopy orbit space Xhc = EG Xq X can be viewed as the 
homotopy colimit of the G-action on X. Moreover, the homology Hs{X;M) is 
itself a profinite G-module for any profinite abelian group M. This gives rise to the 
following spectral sequence. 

Theorem 2.25. Let X be a profinite G-space and M a profinite abelian group. 
There is a first quadrant homology spectral sequence for the homology groups of 
XfiG starting from the continuous homology Ht{X;M) of G with coefficients in the 
profinite G-modules converging to the homology of the homotopy orbit space of X : 

Fit = Hs{G,Ht{X-M)) ^ Hs+t{XhG;M). 

Proof. This is a profinite version of the homotopy colimit spectral sequence of 
Bousfield and Kan [3], XII §5.7. We can assume that X is fibrant in Sg- By [3], 
XII §5.2, in order to calculate the homotopy colimit in S of the diagram induced by 
the G-action, one can first take a simplicial resolution of this diagram. In our case 
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this yields a simplicial profinitc space X x G*, where, for every k, denotes the 
constant simphcial set of the /c-fold product of G. The homotopy cohmit is then 
equal to the diagonal of the bisimplicial resolution of X induced by G, i.e. 

XuG = diag(X X G*) e 5. 

It follows immediately that, by applying homology, the bisimplicial profinite set 
yields a bisimplicial abelian group which has a profinite structure in each bilevel 
and in which the maps are continuous group homomorphisms. It is a standard 
argument to deduce from the bisimplicial abelian group a spectral sequence 

El^ = co\m\Ht{X]M) ^ iJ,+f (hocolimX; Af) 

' G G 

where colimg denotes the sth left derived functor of the functor induced by the G- 
action. It remains to remark that, all groups being equipped with a natural profinite 
structure, colim^ is the derived functor of colimc in the category of profinite G- 
niodules; and that colimc i? is the orbit group B/G of a profinite G-module B. 
Moreover, Hs{G, B) is the sth left derived functor of the functor B ^ B/Ghy [34] . 
Proposition 6.3.4. □ 

2.4. Profinite G-spectra. A profinite spectrum X consists of a sequence X„ e 5, 
of pointed profinite spaces for n > and maps (T„ : S*^ A X„ — ;> Xn+i in 5*. 
A morphism f : X Y oi spectra consists of maps /„ : Xn Yn in 5, for 
n > such that a„(l A /„) = fn+i<Jn- We denote by Sp(iS*) the corresponding 
category of profinite spectra. By Theorem 2.36 of [SD], there is a stable homotopy 
category 8% of profinite spectra. In this model structure, a map / : X — > F is a 
stable equivalence if it induces a weak equivalence of mapping spaces map(y, E) — > 
map(A', E) for all fi-spectra E\ and / is a cofibration if Xq — > Yq and the induced 
maps Xn Il5i^x„_i '5'^ A Yn-i Yn are monomorphisms for all n. 
Now let G be as always a profinite group. We consider the simplicial finite set 5*^ 
as a profinite G-space with trivial action. 

Definition 2.26. We call X a profinite G-spectrum if, for n > 0, each Xn is a 
pointed profinite G-space and each A A"„ — Xn+i is a G-equivariant map. We 
denote the category of profinite G-spectra by Sp(5,.g). 

Theorem 2.27. There is a model structure on profinite G-spectra such that a map 
is a stable weak equivalence (resp. cofibration) if and only if it is a stable weak 
equivalence (resp. cofibration) in Sp(5,). The fibrations are the maps with the right 
lifting property with respect to maps that are weak equivalences and cofibrations. 
We denote its homotopy category by STia- 

Proof. Starting with the model structure on Sg of Theorem 12. 191 the stable model 
structure is obtained in the same way as for S from the techniques of [171 and 
the localization results of [29], Theorems 6 and 14, for fibrantly generated model 
categories. It is also clear from this construction and Theorem 12.191 that a map in 
Sp(5,^g) is a stable weak equivalence (resp. cofibration) if and only if it is a stable 
weak equivalence (resp. cofibration) in Sp(iS»). □ 

Corollary 2.28. If X is a profinite G-spectrum then each stable profinite homotopy 
group TTkX is a profinite G-module. 
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Corollary 2.29. // a map f is a fibration in Sp(iS*,g); then its underlying map is 
a fibration in Sp(iS*). 

Let t : Sp(iS*) — >■ Sp(5*,g) be the functor that equips a spectrum X with the trivial 
G-action. Its right adjoint is the level-wise fixed point functor (— : Sp(iS*,g) ~> 
Sp(5*). Since t clearly preserves weak equivalences and cofibrations, we get the 
following statement as in [Bl. 

Corollary 2.30. The pair {t, (— )'^) forms a Quillen pair of functors. 

2.5. Homotopy orbit spectra. Our aim is to construct a spectral sequence as 
above that starts with the continuous homology of G with coefficients the profinite 
G-module HkX and that converges to the stable homotopy groups of the homotopy 
orbit spectrum XhG '■= EG+ Aq X of the G-action on X. 

For this purpose, we consider the simplicial resolution of the diagram induced by 
the G-action on X . As in [3] XII, it is defined to be the simplicial profinite spectrum 
X A (G*) + . Here we denote again, for every k, by {G'')+ the constant simplicial 
set of the /c-fold product of G as above but with an additional basepoint and in 
level n, {X A (G'')+)„ := X„ A (G'')+ E 5*. We may consider X A (G*)+ either as 
a bisimplicial profinite set or as a simplicial profinite spectrum. Since the diagonal 
functor d from pointed bisimplicial profinite sets to pointed simplicial profinite sets 
commutes with smashing with , we may apply the diagonal functor level- wise to 
get a spectrum d(X A (G*)+) with d(XA(G*)+)„ = diag(X„ A (G*)+), cf. 4.3. 
The homotopy colimit is then isomorphic to the diagonal spectrum d{X A (G*)+) 
of the simplicial resolution, i.e. 

XhG - d{X A (G*)+) e Sp(50- 

For a simplicial spectrum, Jardine shows in ||2(J[ §4, how to construct a spectral 
sequence that computes the homotopy groups of the diagonal spectrum. Corollary 
4.22 of [20 : 

(3) El,^H,{7rt{Y,))^7rs+t{d{Y)). 

The whole construction can be applied in the category of simplicial profinite spectra. 
For a simplicial profinite spectrum [k] i— ?• Y^, the stable homotopy group TTt{Yk) 
has a natural profinite structure and 7rt(y*) becomes a simplicial profinite abelian 
group. The resulting complex has continuous differentials. Its homology groups 
also carry an induced natural profinite structure. Hence ([3]) may be viewed as a 
spectral sequence in profinite abelian groups. 

We use ([3]) for two applications. The first one shows that the diagonal functor 
from simplicial profinite spectra to profinite spectra and hence the homotopy orbit 
functor respects weak equivalences. 

Proposition 2.31. Let X ^ Y be a map between simplicial profinite spectra such 
that, for each n > 0, the map Xn — > Yn is a stable equivalence in Sp(5*). Then the 
induced map d{X) — > d{Y) is a stable equivalence in Sp(5,). 

The second application of ([3]) is what we were really looking for. Let X be a 
profinite G-spectrum. Then the homology of the simplicial profinite abelian group 
TTt{X A (G*)+) is just the continuous group homology Hs{G,ntX) with profinite 
coefficients ntX. Hence we get the following result. 
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Theorem 2.32. Let G be a profinite group and let X be a profinite G-spectrum. 
Then there is a convergent spectral sequence 

= Hs{G;7TtXX)) ^ 7r,+t{XhG)- 

A spectral sequence for the homotopy orbit spectrum under an action of a profinite 
group G had already been studied in different contexts, in particular by Davis. 
In [5], Davis considers discrete G-spectra and calls a spectrum Y an /-spectrum 
if TTqY is a finite group for each integer q. Let G be a countably based profinite 
group and Yo ^ Yi ^ Y2 a. tower of G- /-spectra such that the level-wise 

taken homotopy limit Y = holinii Yi is a G-spectrum. Then the homotopy groups 
of y are profinite groups. For this situation, Theorem 5.3 of 161 provides a spectral 
sequence as in Theorem l2.32l We remark that since iTqYi is finite, for each Yi there 
is some profinite G-spectrum Xi which is fibrant in Sp(iS*) such that its underlying 
spectrum, i.e. after forgetting the profinite structure, is weakly equivalent to Yi. 
The homotopy limit X is then also weakly equivalent to Y and Y^g is weakly 
equivalent to Xhc- Hence each tower Y of G- /-spectra may be considered as a 
profinite G-spectrum and the spectral sequence of Theorem 5.3 of [6 is a special 
case of the spectral sequence of Theorem 12.321 above that arises naturally in the 
category of profinite G-spectra for an arbitrary profinite group G. 

3. Galois actions 

Now we return to our motivating examples for profinite spaces and continuous group 
actions of the introduction. The starting point for etale homotopy theory is the work 
of Artin and Mazur IT] . The goal was to define invariants as in Algebraic Topology 
for a scheme X that depend only on the etale topology of X. They associated 
to a scheme X a pro-object in the homotopy category H of spaces. Friedlander 
rigidified the construction by associating to A" a pro-object in the category S of 
simplicial sets. The construction is technical and we refer the reader to [11' for any 
details, in particular for the category of rigid hypercoverings. As a reminder for 
the reader who is familiar with the techniques, the definition is the following: For 
a locally noetherian scheme X, the etale topological type of X is the pro-simplicial 
set Et A := Re o TT : HRR{X) S sending a rigid hypercovering U. of X to the 
simplicial set of connected components of [/. . If / : A — > F is a map of locally 
noetherian schemes, then the strict map Et / : Et A — Et F is given by the functor 
/* : HRR[Y) HRR{X) and the natural transformation Et A o /* ^ Et Y. 
In [29] and [30], we studied a profinite version Et of this functor by composing 
Et with the completion from pro-iS to the category of simplicial profinite sets S. 
The advantage of Et A is that we have taken the limit over all hypercoverings 
in a controlled way and obtain an actual simplicial set that still remembers the 
continuous invariants of A. Let us summarize the key properties of Et A in the 
following proposition, which is due to Artin-Mazur [1] and Friedlander [11], but 
one might also want to have a look at [30] for the comparison with continuous 
cohomology of Jannsen [18] . 

Proposition 3.1. 1. Let x be a geometric point of X . It also determines a point 
in Et A. The profinite fundamental group 7i'i(Et A, x) o/EtX as an object of S is 
isomorphic to the etale fundamental group Trf'{X,x) of X as a scheme. 
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2. Lei F be locally constant etale sheaf of profinite abelian groups on X . It cor- 
responds bijectively to a local coefficient system F of profinite groups on Fit X . 
Moreover, the cohomology of Et X with profinite local coefficients in F equals the 
continuous Stale cohomology of X , i.e. H*(Eit X, F) = H*i^^^{X, F). 

Now let fc be a field, k a separable closure of k and Gk ■— Gal(fc/fc). Let X be a 
variety over fc, i.e. a separated reduced and irreducible scheme of finite type over 
fc, and let X = X (S)kk be the base change of X to k. Unfortunately, it is not clear 
if Et X is always a profinite G^-space in the above sense. The action of Gk on the 
sets of connected components of rigid hypercovers might not be continuous in each 
level. Nevertheless, there is a canonical model for EtX in Sg- 

Lemma 3.2. The canonical Gk-equivariant map a : Et X — > lim^EtXi is a 
weak equivalence, where the limit is taken over all finite Galois extensions L/k in 
fc. 

Proof. Let L/k he a finite Galois extension with Galois group Gl- Since fundamen- 
tal groups of profinite spaces commute with limits, there is a canonical isomorphism 

TTi (lim Et ) = lim tti (Et Xl ) . 

Moreover, by [13] IX, §6, we know that 7ri(EtX) = 7r°*(X) is isomorphic to 
liiTLi 7ri(EtXi). This shows that a induces isomorphisms on fundamental groups. 
It remains to show that a also induces isomorphisms on cohomology with local 
coefficients of finite abelian groups. This from the fact that H2^*{X\ F) is equal to 
the colimit colimL Hf^{XL; Fl) for any locally constant sheaf F o\i X whose pull- 
back to Xl is denoted by Fl. From the analogous equality H* {liuiL^t Xl\ F) — 
colimi H* (Et Xl ; F) and Proposition 13.11 we deduce that a is a weak equiva- 
lence. □ 

Since the action of Gk on EtX^ factors through the finite group Gal(L/fc), this 
action is continuous on the profinite space EtX^. As Gk is the limit of all the 
Gal(_L/fc), this shows that the action of Gfc on limiEtXi is continuous, cf. [2] HI 
§7, No 1. We will use this profinite Gfe-space as a continuous model for EtX in Sg 
and will denote it by 

c&tX := limEtXi. 

L 

Remark 3.3. This problem vanishes if Gk is strongly complete, i.e. if it is iso- 
morphic to its profinite completion, or in other words, if every subgroup of finite 
index is open, see [34]. In this case, the Gfe-action on EtX would be continuous 
for any variety X. The class of strongly complete profinite groups contains the 
class of all finitely generated profinite group by the work of Nikolov and Segal [5S] . 
For example the absolute Galois group of p-adic local fields are finitely generated, 
cf. [19]. The absolute Galois group of a number field is in general not strongly 
complete as subgroups of finite index which are not open be easily constructed in 
such groups. 

By [11] and [30] , we know that Et fc is homotopy equivalent to BGk and Et fc to 
EGk in S. As mentioned in the introduction the natural sequence ([TJ inspires us 
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to think of FitX as the homotopy orbit space of EtX, just as Cox showed for real 
algebraic varieties in [5] Theorem 1.1. The following theorem generalizes Cox's 
result to arbitrary fields. The point is that Et X — ^ Et X is homotopy equivalent 
to a principal Gfc-fibration, see [HH], P- 5930 

Theorem 3.4. Let k be a field with absolute Galois group Gk and let X be a 
geometrically connected variety over k. Then the canonical map 

LP : cEtX Xg^ EGk ^ EtX 

is a weak equivalence of profinite spaces. 

Proof. By the definition of weak equivalences, we have to show that Lp induces an 
isomorphism on the profinite fundamental groups and on continuous cohomology 
with finite abelian coefficients systems. Let us start with the fundamental groups. 
We know from the work of Grothendieck [14] IX, Theoreme 6.1, that there is a 
short exact sequence 

1 ^ (X, x) Trf (X, x)^Gk^l 

for every geometric point x oi X with image x in X. On the other hand, the map 
of profinite spaces cEt X x EGk — > cEt X xq^ EGk is a principal Gfc-fibration by 
definition, see [30^. Hence it is also locally trivial, see e.g. [T3| V, Lemma 2.5, and 
may be considered as a Galois covering with group Gk- By the classification of 
coverings of profinite spaces via the fundamental group in [30 , Corollary 2.3, we 
deduce that there is a similar short exact sequence for profinite spaces such that 
7ri((^) fits in a commutative diagram 

1 ^7ri(cEtX X EGk,x) ^7ri(cEtX Xg^ EGk,x) Gfe ^ 1 



1 ^ Trf (X, x) ^ Trf (X, x) ^ Gk ^ 1 

for every basepoint x of X. Since EGk is contractible, the left vertical arrow is 
an isomorphism and we conclude that ip induces an isomorphism on fundamental 
groups. 

To prove that also induces an isomorphism on cohomology we apply two Serre 
spectral sequences. Let F be a locally constant etale sheaf of finite abelian groups 
on X. On the one hand there is the Hochschild-Serre spectral sequence for etale 
cohomology starting from continuous cohomology of Gk with coefficients in the 
discrete Gfc-module Hl^(X;F), cf. [22]: 

E'/ = H^Gk-.HUX- F)) ^ Hl+\X; F). 

On the other hand the fibre sequence 

ctiX — > cEtX xg, EGk — > BGk 

induces a Serre spectral sequence 

E'/ = H%Gk;H\cEtX;F)) H'+'{cEtX xg, EGk;F) 

^In |30| and in a previous version of this paper, it was stated that this map is a principal 
fibration, which is only true up to homotopy. So one may find here a rigorous treatment of the 
problem. 
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where F also denotes the associated local coefficient system on Et X by Proposition 
13.11 This spectral sequence may be constructed in the profinitc setting just as in [9], 
see also [25' §1.5 and [7 §1.5 for pro-p- versions. It remains to observe that there is 
a natural isomorphism between these spectral sequences which is compatible with 
(fi using the isomorphism H^^{X; F) = H*(EtX; F). Since these groups vanish for 
t > dim X, the two spectral sequences are strongly convergent which finishes the 
proof of the theorem. □ 

Hence we may consider Et X as the homotopy orbit space of Et Xj^ under its natural 
Galois action. We will use this key theorem for three applications. On the one hand 
we deduce Galois descent spectral sequences for etale (co)homology theories. The 
last application is a remark on Grothendieck's section conjecture for smooth proper 
curves of genus at least two over number fields. But first we show that we can lift 
this equivalence of the two points of view to the level of motivic spectra. 

We know that the etale realization functor above can be extended to a functor 
from motivic spectra |37j to the homotopy category of profinite spectra over Etfc, 
cf. [23, Theorem 31: 

Et : snik) ^ sn/Etk. 

This extension can be achieved with the model structure on S and Sp(5,) of The- 
orem [2]3] and Theorem 2.36 of [30], respectively, if char fc = 0. If char k = p > 0, 
we have to complete away from the characteristic by using the Z/^-model structure 
on S and Sp(5*) for any prime £ p oi [25], see also [29] and Remark l2.21l ab ove . 
Now we remark that the adjointness discussed in the beginning of Section 2.3 of 
taking homotopy orbits and puUbacks via maps to BGk has an analogue for profi- 
nite spectra. This implies that we can reconstruct etale realization as a functor to 
the category of profinite Gfe-spectra. Hence the following theorem is in this sense 
equivalent to Theorem 31 of [29]. 

Theorem 3.5. Let k be a field of characteristic zero and let Gk he its absolute 
Galois group. The etale realization Junctor above defines a Junctor 

Et : sn{k) sncu 

to the stable homotopy category oj profinite Gk -spectra by sending a motivic spec- 
trum E to EtEk, where Ek is the base change oJ E to k, with its natural Gk-action. 
IJ k has positive characteristic p, the same statement holds when we equip S and 
Sp(5,) with the Z/i-model Jor any prime £ ^ p. 

3.1. Galois descent. As an application of the homotopy orbit spectral sequence 
we consider a variant of etale homotopy groups. For a pointed locally noetherian 
scheme, we define tt* '''X := 7rJ(I]°°EtX) to be the stable etale homotopy groups 
of X. The absolute Galois group Gk acts continuously on each profinite group 
7r^*'''(X). There is the following Galois descent spectral sequence for these groups 
by Theorem [2321 

Theorem 3.6. Let X be a geometrically connected variety over a field k with 
absolute Galois group Gk- There is a convergent spectral sequence Jor the stable 
etale homotopy groups oJ X : 

El^ = H,{Gk-.iTf^{X)) ^ 
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In the same way we get Galois descent spectral sequences for etale topological 
cohomology theories, e.g. etale cobordism |29]. Let MU be the simplicial spectrum 
representing topological complex cobordism and let MU be its profinite completion. 
In an etale topological version of cobordism for smooth schemes has been 
studied. It is the theory represented by MU via Et , i.e. in degree n we set 

MU^tiX) llom^^^{^°"EtX,MU[n\) 

where MU[n] denotes the nth shift of MU and X is assumed to be a pointed scheme. 
We can reformulate this definition using function spectra and get an isomorphism 

(4) MUgiX) = ^„homsp(^^)(E°°EtX,M{7). 

Let us denote the function spectrum on the right hand side of ^ by 

Mf/^ :=hom_5-„/Etfc(S"EtX,i?M[/) 

where R means a fibrant replacement in Sp(iS,). Now this description and an 
analogue of Proposition 13.41 implies that etale cobordism satisfies Galois descent in 
the following sense, generalizing [10], Proposition 7.1. Therefore, we start with the 
following lemma. 

Lemma 3.7. For each finite Galois extension L/k with Galois group Gl = Gal(L/fc) 
and Xl — X (E>k L, there is a natural equivalence of simplicial spectra 

MUg ^{MU^.- f''- 

where Gl acts on MU^^ via its induced action on YiiX^. 

Proof. The assertion is implied by the following sequence of equivalences, where we 
omit 

homsp(5^)(Et X,i?Mt/) ^ homgp(^^)(EtXL £;G'L,i?Aft/) 

^ homsp(5. G)(^GL,hom(EtXL,i?Aff/)) 
^ {MU^,f^- 

where the first equivalence follows from Theorem 13. 4[ the second follows from ad- 
jointness for the simplicial finite set EG^ and the third one is the definition of 
honiotopy fixed point spectra for finite groups acting on simplicial spectra. □ 

Theorem 3.8. Let k he a field with absolute Galois group Gk and let X be a 

geometrically connected pointed variety over k. There is a spectral sequence 

E'/ = H^{Gk;MUl{X)) MUf+\X) 

starting from continuous cohomology of Gk with coefficients the discrete Gk-module 
MUf^{X). This spectral sequence converges if Gk has finite cohomological dimen- 
sion. 

Proof. Each finite quotient Gl of Gk induces a finite Galois covering Xl — > X 
which is homotopy equivalent to finite Galois covering of the profinite space Et X 
using the argument in the proofs of Theorem 13.41 and Lemma l3.2l The well-known 
homotopy fixed point spectral sequence for finite groups acting on simplicial spectra 
together with the Lemma 13.71 yield a spectral sequence 

E^/ = W{Gl-.MUI{Xl)) ^ MUf+\X) 
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for every i. Now the weak equivalence EtX ~ liniLEtXL of Lemma [3.21 implies 
MUi^.{X) = colimi MU^^.{Xl) and hence there is an isomorphism 

H'{Gk;MUUX)) = coXixn H'{Gl\MUUXl)). 

Since spectral sequences commute with colimits, this implies the assertion of the 
theorem. □ 



The homological counter part, called etale bordism, is defined as 

MU°\X) Honi5'^(S'", E°°EtX A MU). 

In this case, the descent spectral sequence for etale bordism has a more direct 
construction as the homotopy orbit spectral sequence of a generalized homology 
theory as in Theorem 12.251 above. 

Theorem 3.9. Let k be a field with absolute Galois group Gk and let X be a geo- 
metrically connected pointed variety over k. There is a convergent spectral sequence 
for the Stale bordism of X : 

El, = Hs{Gk;MUt{X)) MU%,{X). 

3.2. A remark on Grothendieck's section conjecture. We conclude with an 
application of the developed theory of homotopy fixed points to Galois actions0 
Let us briefly recall the statement of Grothendieck's section conjecture [15]. It is 
part of a much more general picture drawn by Grothendieck in |15| which predicts 
that, for some class of varieties over k, the functor of taking fundamental groups 
should be in some sense fully faithful. Detailed accounts on the conjecture can be 
found e.g. in [53], [H] and [3S]. Let be a field and Gk its absolute Galois group. 
Let X be a geometrically connected variety over k. We have already used that the 
functoriality of tti = Trf" induces a short exact sequence 

1 ^ -KiX 5~ TTlX Gk ^ 1 

where we omit the basepoints for this discussion. Another application of the 
functoriality of tti shows that every fc-rational point a G X{k) induces a section 
Sa '• — TTiX which is well-defined up to conjugacy by -kiX. The section conjec- 
ture of Grothendieck's in |15j predicts that this map has an inverse. 

Conjecture 3.10. (Grothendieck) Let k be a field which is finitely generated over 
Q and let X be a smooth, projective curve of genus at least two. The map a i-^ Sa 
is a bijection between the set X{k) of k-rational points of X and the set of ttiX- 
conjugacy classes of sections Gk -> ttiX . 



It is well-known that the map a Sa is injective. The hard part is the surjectivity. 
The varieties that the Grothendieck conjecture is about, especially the curves of 
Conjecture 13. 101 ^J^e so called K{Tr, l)-varieties. And here is the point where etale 
homotopy enters the stage. In terms of etale homotopy theory a variety A is a 
K{Tr, l)-variety if the profinite universal covering space of Et X is contractible. Or 
in other words, EtA is weakly equivalent in S to the profinite classifying space 
BttiX. Just as for spaces, it is also known for profinite spaces that there is a 



'I would like to thank Kirsten Wickelgren for interesting discussions about this topic. 
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bijection between the set of honiotopy classes of continuous maps of Eilenberg- 
MacLane spaces Honi^(/'ir(G', 1) — > K{tt, 1)) and the set of outer contmuous group 
homomorphisms Homout(G, tt). In light of the previous discussion this shows there 
is a bijection 

(5) Honi^/j5^^(Etfc,EtX) ^ Homout^G^ (Gfc, vriX), 

where the right hand side denotes outer homomorphisms that are compatible with 
the projection to Gk- So Conjecture 13. 101 may be restated in the way that Et is a 
fully faithful functor from fc-rational points to homotopy classes of maps from Et k 
to EtX. 

All this is of course just a reformulation. But the point we want to stress is that 
the machinery of Galois actions developed above provides an interesting point of 
view for Coni ecture 13.101 Namely, it is an elementary fact that there is a bijection 
between the set of TriX-conjugacy classes of sections Gk t^iX and the set of (non- 
abelian) continuous cohomology H^{Gk]T^iX). By Proposition 12.231 H^{Gk\T^iX) 
is isomorphic to ttq homc^. (E'Gfc, i?7riX) — tiq{BtiiX)^'^*' . Moreover, as X is a 
ii'(7r, l)-variety, so is X, i.e. EtX is weakly equivalent to BttiX. This yields a 
natural bijection 

i/i(Gfc;^iX) = 7ro(cEtX)'"^^ 
Via Theorem 13 .41 this is an immediate reformulation of ([S]). Nevertheless, the slight 
shift of the point of view is very interesting, since the section conjecture over the 
real numbers M and topological analogues of it could be proved by Pal in [27] using 
fixed and homotopy fixed point methods for finite groups. Further studies in this 
direction have been done by Pal in |28j . The new input of this paper consists in the 
rigorous framework for homotopy fixed points for etale homotopy types for varieties 
over any base field which had been missing so far. 
What one would like to do now is to factor the map 

(6) X(fc) -> 7ro(cEtX)''^'= 

through some fixed point set under the G^-action. Then the geometric part of 
the problem would be to show that X{k) is isomorphic to this fixed point set. The 
homotopy theoretical part would be to show that the fixed point set is isomorphic to 
the homotopy fixed point set in the right hand side of (|6]). This might be possible by 
transferring comparison results for finite groups to the case of the special profinite 
groups Gk acting on the profinite classifying space BttiX ~ cEtX. 
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